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Abstract

Understanding galaxy morphology evolution across cosmic time requires models that can generate realistic
galaxy populations conditioned on redshift. In this work, we study efficient redshift-conditioned generative
modeling for astrophysical image synthesis using diffusion models and pixel-MeanFlow. We first review the
connections between score-based diffusion models, Flow Matching, one-step generative models, and modern
diffusion samplers. We then evaluate DDPM, DDIM, DEIS-AB2, DPM++2M, and one-step pixel-MeanFlow
on the GalaxiesML-64 dataset using morphology-based metrics, including ellipticity, semi-major axis, Sérsic
index, and isophotal area. Our results show a clear accuracy-efficiency trade-off: standard DDPM sampling
achieves the best distributional fidelity but requires high computational cost, while second-order samplers
substantially improve efficiency over DDIM. Pixel-MeanFlow enables single-step generation and achieves
competitive performance on several morphology statistics, though it remains weaker than many-step DDPM
for fine-grained structure. These findings suggest that few-step and one-step generative models are promising
tools for fast astrophysical image generation.
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CHAPTER 1

Introduction

Motivation. Understanding the formation and evolution of astrophysical systems has been an impor-
tant frontier problem in modern astronomy. Galaxies are dynamical systems that evolve over cosmic
time. Directly modeling this evolutionary process is challenging, since we cannot continuously ob-
serve a single galaxy over the extremely long timescales on which astrophysical systems evolve. As a
result, studies of galaxy evolution are often restricted to learning from discrete snapshots of different
systems observed at different cosmic time. Unlike large photometric surveys, such as the Sloan Digital
Sky Survey (SDSS) [1], the Dark Energy Survey (DES) [2], the Kilo-Degree Survey (KiDS) [3],
and the Hyper Suprime-Cam (HSC) Survey [4], which contain millions or even billions of galaxies,
redshift-matched datasets such as GalaxiesML [5] often contain only a few hundred thousand samples
because obtaining reliable redshift measurements requires substantial computational time, cost, and
effort. In this study, we investigate how generative models can be used to synthesize galaxy images
conditioned on cosmic redshift. By generating high-fidelity galaxy populations across cosmic time,
this approach helps bridge the observational gap imposed by sparse temporal sampling and provides
a novel computational lens for simulating and understanding galaxy evolutionary trajectories [6, 7].

Generative Modeling. Generative modeling techniques have long been used for image-based syn-
thesis tasks. Prominent paradigms include Variational Autoencoders (VAEs) [8], Generative Adver-
sarial Networks (GANSs) [9], and Normalizing Flows (NFs) [10]. Since the introduction of Denoising
Diffusion Probabilistic Models (DDPMs) [11], diffusion-based models have demonstrated superior
performance on a wide range of generative vision tasks [12], and have been adapted for scientific
tasks in various fields, including weather forecasting [13, 14], fluid mechanics [15, 16, 17, 18, 19],
and material science [20]. Flow Matching [21, 22] (FM) has emerged as a promising alternative
formulation to diffusion models, enabling more efficient sampling and more concise training objec-
tives. However, these methods are intrinsically multi-step, and generation quality typically degrades
significantly when the number of sampling steps is small. Various approaches have been proposed to
address this limitation. For standard diffusion models, the number of sampling steps can be reduced
by leveraging more efficient samplers, including Denoising Diffusion Implicit Models (DDIMs) [23],
DPM-Solver [24], and DPM-Solver++ [25]. Another line of work focuses on few-step generative
models. Continuous-time approaches, such as Consistency Models (CMs) [26], simplified Consis-
tency Models (sCMs) [27], and Shortcut Diffusion Models [28], leverage self-supervised signals from
many-step trajectories to reduce the number of required sampling steps [29]. In contrast, discrete-
time approaches typically rely on distribution-matching techniques, with Inductive Moment Matching
(IMM) [30] serving as a representative example. Recent studies suggest that continuous-time models
generally achieve better generation quality [29].

Our Methods. In the one-step and few-step generation regime, MeanFlow models [31] (MF) have
emerged as a leading framework. Built upon the Flow Matching formulation, these models learn
the average velocity over a time interval. In this study, we explore the capability of the latent-free
variant of MF, namely the pixel MeanFlow model (p-MF) [32], for continuous redshift-conditioned
galaxy generation in astrophysics. Our work builds on prior studies of diffusion-based modeling for
understanding galaxy morphology evolution [33]. Our study provides the following contributions to
address these limitations and advance the field:

1. We adapt pixel-MeanFlow to the continuously conditioned setting and incorporate modern dif-
fusion training techniques, such as classifier-free guidance, to improve generative performance.



2. We investigate the efficiency—accuracy trade-off of different few-step diffusion solvers and
compare them against pixel-MeanFlow in the astrophysical image-generation setting.

3. We provide a systematic and extensive review of existing diffusion models, few-step diffusion
models, and sampling techniques, with the goal of inspiring new applications of diffusion-based
generative modeling in astrophysics.

To the best of the authors’ knowledge, this is the first application of few-step diffusion models, together
with a detailed investigation of solver efficiency, in the context of astrophysics. Therefore, our study
represents a meaningful advancement in efficient generative modeling for astrophysical applications.



CHAPTER 2

Methodology

Score-based Perspective: Noise-Conditional Score Networks

m Diffusion Models
214

Score Functions and Energy-Based Models. Long before the recent breakthroughs in deep learn-
ing, physics-inspired complex networks were used for data storage and generation [34, 35]. A
representative class of such models is the Boltzmann machine [34], which models data using the

Boltzmann distribution:
e Eo (™ 1

- _ ., E
0= =z @.1)
where Z is referred to as the partition function and ¢ represents the parameterization. For complex,
high-dimensional real-world distributions, the integral defining the partition function is generally
difficult to evaluate. This prevents the direct use of the ideal maximum-likelihood estimation (MLE)
objective,

e Es (%)

zZ

.EMLE = EX’”pdata |:10g :| = _EX"’pdata [E¢(X)] - log Z’ (22)

where the second term is intractable.

Definition 2.1: Score Function

For a density p(x) on R”, the score function is defined as the gradient of the logarithmic
probability density:
s(x) := Vxlog p(x), s:RP — RP. (2.3)

For the Boltzmann distribution, the corresponding score function is

SBoltzmann (X) = —VxEy (x) — Vxlog Z, (2.4)
————
=0

which allows us to bypass the partition function entirely. Assuming that the true score function is
available, the original probability density can be recovered up to a reference density value via

1
log p(x) = log p(xg) + /0 s(Xo +t(x — X)) (x —Xp) dt, (2.5)

where X¢ is a sampled reference point. Thus, using the score function as a representation of the
probability landscape does not discard information about the underlying density, up to an additive
normalization constant.

Data Generation by Score Matching. It is therefore natural to train a neural network for data
generation using the score matching objective:

1

‘LSM = EEXNPdata [

|s¢(x) — s(x)”i] . (2.6)
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In practice, however, the ground-truth score function s(x) is not available. To address this issue,
Hyvirinen and Dayan [36] derived an equivalent objective that is tractable to compute during training.

Theorem 2.1: Tractable Score Matching

It can be shown that the loss
~ 1 2
Lom := Bxopy,, | Tr(Vasg (%)) + 3 [Is¢ ()] (2.7)
differs from the ideal score matching loss only by an additive constant:

Lsv = Lsm +C, (2.8)

where C is independent of the model parameters.

Sampling by Langevin Dynamics. Suppose that the true score function s is available. A naive
deterministic sampling procedure of the form

dx(r) = s(x(¢)) dt (2.9

can easily converge to local modes due to its deterministic nature and lack of exploration. Itis therefore
desirable to introduce a stochastic noise term:

dx(7) = s(x(¢)) dt + V2 dW,, (2.10)

where W, denotes a standard Brownian motion. This yields the Langevin stochastic differential
equation:
dx(¢) = Vylog p(x()) d + V2 dW,. 2.11)

The factor V2 ensures that p(x) is the stationary distribution of the corresponding dynamics. Dis-
cretizing this equation using the Euler—Maruyama scheme gives the sampling update

Xir1 = X; +778(X) + 21 €, € ~ N(0,I), (2.12)
where 7 is the step size.

Denoising Score Matching. Returning to Theorem 2.1, although the tractable score matching objec-
tive avoids explicit access to the ground-truth score, computing the Jacobian trace term, Tr(Vys4 (X)),
can still incur substantial computational cost during training. To address this issue, Song et al. [37]
proposed sliced score matching, which uses Hutchinson’s estimator to obtain a stochastic estimate
of the Jacobian trace [37]. Although this makes score matching more computationally feasible, the
method can still suffer as the dimensionality of x increases.

Vincent [38] proposed denoising score matching (DSM), which mitigates this issue by perturbing
samples X ~ pgara With noise drawn from a known conditional distribution ¢, (X|x), where o~ denotes
the noise scale. The corresponding objective is

1 - NS
L0sm = 5Ex-puun 5500 [[56(% 7) = Vxlog g (K10 (2.13)

Suppose the injected noise is Gaussian:
X =X+ O€, e ~N(0,1). (2.14)

Then the perturbed data follow
%|x ~ N(x,0°0), (2.15)
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and the corresponding conditional score admits the closed-form expression

~ 2 ~
X - X -
Vs log g (X]x) = Vi |- IX x| _x-% (2.16)
202 o2
Therefore, the denoising score matching objective becomes
1 _ x — |’
Lpsm = EEX~pdam, e~N(0.1) |||S¢(X;0) — =
2 (2.17)

1 o)+ &
— EEX~pdata,f"’N(0’I) HS¢ (X + O€; O-) + ;Hz .

This loss is theoretically equivalent to the SM loss by an additive constant. Sampling then follows the
standard Langevin dynamics:

Xiv1 =X+ Sp(X;50) +V2n€;, € ~ N(0,I). (2.18)
———
~Vzlog po(X;)

Intuitively, the injected noise smooths the landscape of the original score function s(x), thereby
improving sampling stability and convergence. This perspective can be further illustrated through
the process of denoising. Tweedie’s formula [39] provides a principled basis for denoising noisy
observations using the score of the perturbed data distribution.

Theorem 2.2: Tweedie’s Formula

Assume X ~ pgara and define a noisy observation
% ~ N(ax,o?l), a #0. (2.19)

Tweedie’s formula states that

- L. -
Bx-pis [XIK] = = [% + 0*Vxlog po ()] (2.20)
where the expectation is taken with respect to the posterior distribution p(x|X), and p,(X)

denotes the marginal distribution of the noisy observation.

Suppose we have a score network trained using the DSM objective. Tweedie’s formula can then be
written as 1
E[x|%] = — [&+ 0%s4(%)], (2.21)
——— a
Denoiser

where s, (X) approximates the score of the perturbed data distribution. Thus, a single gradient-ascent
step on the noisy log-likelihood, with step size o2, yields the denoised estimate, namely the conditional
mean of the clean signal. This establishes a direct connection between DSM training and denoising.

Multi-Level DSM: Noise-Conditional Score Networks. In practice, the performance of DSM is
often limited during sampling. At low noise levels, DSM can preserve fine-grained details of the score
landscape, but sampling may become unstable and inefficient because the dynamics can be disrupted
in low-density regions of the data distribution, where the score may be poorly estimated or have
vanishing gradients [40, 41]. At high noise levels, sampling can more easily move across different
modes of the distribution, but the injected noise also smooths out fine-scale details. To address this
trade-off, Song and Ermon [40] proposed Noise-Conditional Score Networks (NCSNs), which allow
a single score network to operate across multiple noise levels.
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The NCSN objective is a weighted average of DSM losses evaluated at different noise scales:

A(07) Lpsm(¢; 07). (2.22)
1

L
LNcsN =

l

The trained NCSN model is expected to approximate the score field of the perturbed data distribution
at each noise level:
S¢ (3 07) = Vxlogpo, (+), i=1,...,L. (2.23)

Sampling from NCSNs is then performed using annealed Langevin dynamics, which proceeds pro-
gressively from high noise levels to low noise levels. At each noise level oy, the update is given

by
Xiv1 = X; +17184(Xi5 07) ++2m; €, € ~ N(0,1). (2.24)
The step size is typically scaled according to the noise level, with larger noise levels using larger step
sizes:
of
m e —, (2.25)

=

where 0| denotes the smallest noise level, at which the final sample X is obtained. In practice, NCSNs
typically require many MCMC steps to converge at each noise level 0. This slow mixing phenomenon
leads to slow inference, since the learned score is reliable only for small perturbations and therefore
requires small step sizes and many iterations per noise level to avoid bias or instability. Moreover, the
updates are strictly sequential, as each iteration depends on the previous one, and each step requires
an expensive neural network evaluation. As a result, sampling requires O (LK) sequential network
evaluations, where L is the number of noise levels and K is the number of MCMC steps per level,
making inference computationally expensive.

m Variational Perspective: Diffusion Denoising Probabilistic Model

Variational Autoencoders and Evidence Lower Bounds. In generative modeling, Variational
Autoencoders (VAEs) [8] provide a foundational framework for variational probabilistic modeling.
A modern VAE consists of two components: an encoder, or approximate posterior, g4(z|x), and a
decoder, or likelihood model, py(x|z), where ¢ and 6 denote the corresponding model parameters and
z is a latent variable. We begin by deriving the evidence lower bound (ELBO).

Lemma 2.1: ELBO for VAEs

For any data point x, the log-likelihood satisfies
log po(x) = LeLBO(X; 6, 9), (2.26)
where the ELBO is given by
LELBo(X: 6, 8) = Byey,(aix [10g po(x|2)] — Die (94 (2[x) || p(2)) . (2.27)




Proof. Using Jensen’s inequality, we obtain

log pe(x) = log / po(x,2) dz = log / q¢s(z|x)p9("’z) iz

q4(z|x)
_ pPo(Xl2)p(z) . _ po(x|2)p(2)
= log/ L]¢(Z|X) q¢(Z|X) dz logEz~q¢(Z|X) Q¢(Z|X) ] (2.28)
po(x[z)p(z)
= Beaion [0 20
= Eyqy(ax) (102 po(x]2)] — DL (94 (zl%) || p(2)) .
O

The first term in the ELBO is the expected log-likelihood, often interpreted as the reconstruction term.
When the likelihood pg(x|z) is modeled as a Gaussian distribution with fixed variance, maximizing
this term is equivalent, up to an additive and multiplicative constant, to minimizing the mean squared
error (MSE). If a Laplace likelihood is assumed instead, the corresponding reconstruction loss reduces
to an ¢; loss.

Although this framework is promising, simply increasing the depth of a VAE is often insufficient.
One limitation is that many VAE variants, including S8-VAE [42], typically rely on Gaussian latent
distributions. This assumption can restrict the expressiveness of the latent representation, particularly
when the data distribution is multi-modal. Another limitation arises from a common failure mode
known as posterior collapse. To see this, we further decompose the expected ELBO:

Ex~pdam [LELBO] = Ex~pdam,z~q¢(z|x) [log pg(Xll)] - Ex~pdm [DKL (6]¢(Z|X) ” p(Z))]

(2.29)
= Ex~pdata,z~q¢(z|x) [log pQ(Xlz)] - Iq (X; Z) - DKL (q¢(Z) ” P(z)) s

where g4(z) = Ex-p,.. [q¢(zlx)] denotes the aggregated posterior, and the mutual information is

defined as
q(2]x)

q4(2)
A clear failure mode occurs when the decoder can model p(x) without using the latent variable z. In
this case, a degenerate optimum is obtained when

q(2|x) = p(z), (2.31)

which yields 7,(x;z) = 0 and g4(z) = p(z). This corresponds to posterior collapse, where the latent
representation carries no information about the input. Such behavior is especially common when the
decoder is overly expressive [43, 44].

X (2.30)

I,(x;z) = Ex~paa 2~ (2l%) [log

Hierarchical Variational Autoencoders. Hierarchical VAEs (HVAEs) [44] mitigate these limita-
tions by introducing multiple layers of stochastic latent variables. The encoder takes the form of a
Markovian factorization:

L
qo(z1.L1%) = qo(z1 %) | | qo(zlzi). (2.32)
i=2
The corresponding generative model is given by
L
Po(X,21:1) = py(X[z1) n Po(Zim1|z)p(2L). (2.33)
i=2

The ELBO for an HVAE has the same general form as in the standard VAE:

p(z0)py(X|21) T1E, po(2i-1|2;)
qo(z11x) 1%, go(zil2i-1)

LELBO = qu(zl;ﬂx) ’ (234)
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where the derivation follows directly from Lemma 2.1. This objective can be decomposed as

Lo = By, [log py(x|21)] — By, [ DL (q6(z11%) || py(21]22)) ]
I-1
= D Byy [Dxu (q0(lzio) || po(zilzin)] (2.35)
i—
—Eq, [DxL (qo(zrlzr-1) [l p(22))] .

The first term can be interpreted as the reconstruction term, as in a standard single-latent VAE,
while the remaining terms encourage consistency between the encoder and decoder latent hierarchies.
This hierarchical structure substantially improves the expressiveness of the model [44]. However,
although HVAESs extend the VAE framework by introducing multiple latent layers, their training
presents additional challenges. Since the encoder and decoder must be optimized jointly, learning
can become unstable: lower-level latent variables and the decoder may already be sufficient to
reconstruct x, leaving higher-level latent variables with little effective learning signal. Moreover,
gradient information reaching deeper latent variables is often indirect and weak, making it difficult for
those variables to contribute meaningfully to the generative process.

Denoising Diffusion Probabilistic Models. Diffusion models, as introduced in Denoising Diffusion
Probabilistic Models (DDPMs) [11], can be viewed as an improved variant of hierarchical VAEs with
a fixed closed-form encoder. In this formulation, the forward process is fixed, and learning focuses on
the reverse, or denoising, process. DDPMs define a Markovian forward diffusion process as

q@lzi-1) = N (23T = Bizir. i) (2.36)
where {,8,-}I.L= , 18 a pre-determined noise schedule. Letting a; = 1 — 3; and @; = ]_[;.:1 a;, this

construction yields the closed-form forward diffusion kernel
a(mlx) = N (2 Vaix, (1 - @)1 (237)

DDPMs then train a neural network to approximate the reverse process pg(z;—1z;), which acts as a
denoising model. This motivates the derivation of the ELBO for DDPMs.

Theorem 2.3: ELBO for DDPMs

For any data point x, the log-likelihood satisfies

log ps(x) > Lero(X; @), (2.38)

where the ELBO is given by

Lego(X; ¢) = Byyeqax [10g po(x121) | — D (q(2L1X) || p(21))

L
(2.39)
= > Bugtu [ Dk (9(zi-112: %) | po (21 12)))] -
i=2

Equation 2.39 corresponds to the variational lower-bound formulation underlying Equation (3)
in Ho, Jain, and Abbeel [11]. Comparing Equation 2.39, Equation 2.35, and Equation 2.27, we
summarize the relationships among VAEs, HVAEs, and DDPMs in Table 2.1.

Connection between DDPMs and NCSNs. Finally, we show that DDPMs and NCSNs can be
connected through Tweedie’s formula. Consider the forward diffusion kernel ¢(z;|x). Since

a(@lx) = N (2:Vax, o?1),  oP=1-a, (2.40)

9



Table 2.1: Comparison of the ELBO terms in VAEs, HVAEs, and DDPMs.

Term Name Model Expression

VAE Dk (g4 (zlx) || p(2))

Prior HVAE  Ey, [Dki (qo(zelzi-1) || p(z2))]
DDPM Dk (q(zLIx) || p(2L))
VAE Es-gy(zx) [10g po(X|2)]
Reconstruction HVAE E,, [1 ogpo(xlz 1)]
DDPM  E, gz [10g po(x21)]
VAE No explicit denoising process.
Denoising Eqgo [Dxu (g0(211%) | o (2]22))]

HVAE L-1
+ > g [Dxe (g0 (@ilzien) || poilzi)]
i=2

DDPM Y5, Epeymix) [ Ok (9(Zi-112:,X) || po (zi-12:)) ]

the conditional score is given by

v, log ¢(z|x) = —ﬂ (2.41)
i
Taking the posterior expectation over X|z;, we obtain the marginal score
- — B .
v, log q(z) = -4 VOEIZ] (2.42)
Rearranging this expression yields Tweedie’s formula for DDPMs:
E(x|z] 1(+2V1 () (2.43)
X|z;| = — |z + 07V, logq(z)), .
i \/C_Y_, i i Vz; 108 g\ Z;

which has the same form as Theorem 2.2.
In practice, DDPMs are commonly implemented using the e-prediction parameterization, where
the optimal network predicts

es(zi,1) = E[€lz;], (2.44)
with _
¢ =l Nax (2.45)
g
Therefore,
Elelz;] = - VUEXIZ] (2.46)
=

1

Substituting Tweedie’s formula into this expression gives

El€lz] = —0iVy log q(z;). (2.47)

10



This is the Tweedie-form interpretation of e-prediction in DDPMs.
From the NCSN perspective, the optimal noise-conditional score network estimates the score of
the perturbed data distribution at each noise level:

S¢(2;307) = Vy, logq(z;). (2.48)

Combining this relation with the DDPM e-prediction objective yields

S¢(Zi; O',') X —l6¢(Zi, l) (249)
O
Thus, DDPMs and NCSNs can be viewed as two parameterizations of the same underlying score-
learning principle under Gaussian perturbations. Up to this point, we have unified the two views.
However, the discrete-time formulations of both NCSNs and DDPMs limit the flexibility of this
framework, motivating continuous-time extensions.

m Continuous Formulation: From Score-SDE to EDM

Song et al. [41] (commonly referred to as Score-SDE model) first proposed a systematic framework
that unifies diffusion-based models through stochastic differential equations (SDEs). We begin by
stating the general form:

dx(r) = £(x(¢), 1) dr + g(¢) dw(z), (2.50)

where w(#) denotes a Wiener process, or Brownian motion. We first discuss several useful properties
of this general SDE and then show that both DDPMs and NCSNs arise as special cases of this
formulation. The SDE can be interpreted as consisting of two components:

dx(7) = f(x(¢),t)dr+ g(z)dw(z) . (2.51)

mean evolution  variance evolution

This formulation allows us to derive closed-form conditional distributions at different times by solving
the corresponding mean and variance ordinary differential equations (ODEs). Although, in principle,
f(x(1), ) can take a general form, a common choice is the affine drift

f(x(1),t) = f()x(1), (2.52)

where f(t) is a scalar function of time. Both DDPMs and NCSNs can be expressed using this type of
drift. Solving the resulting ODEs gives

p(x[%0) = N (x;;m(z), P(1)I), (2.53)

where ¢
m(i) = eh F@dx,  P(r) = / 2L I dig2 () ds. (2.54)
0

Here, m(0) = x¢ and P(0) = 0. By choosing f(¢) and g(¢) appropriately, the distribution gradually
loses information about the original data as ¢ increases and approaches a simple prior distribution:

p(xrlxo)  p(X7) ~ pprior(x), T > 0. (2.55)

The evolution from 0 to 7" describes the data corruption process; for data generation, we need to reverse
this SDE. Reversing a stochastic forward process requires the corresponding marginal densities to
remain aligned. This relationship is characterized by the Fokker—Planck equation [45, 41].

11



Data Forward SDE Prior Reverse SDE Data

@— dr = f(z,t)dt + g(t)dw 4’@_ dz = [f(z,t) — ¢ (t)V. log p: (2)] dt + g(t)dw
{

| ; A
/ P ————
po(T) pe(z) > pr(z) pe() > po(z)

Figure 2.1: Plot adapted from Figure 2 of Song et al. [41]. A forward-time SDE transforms the data distribution x(0) into
a prior distribution x(7'), such as a Gaussian prior in DDPMs. Data generation is then performed by sampling from the
prior distribution and evolving the sample backward through the reverse-time SDE. The corresponding PF-ODE provides
an alternative deterministic generation process, although it is not shown here.

Theorem 2.4: Fokker—Planck Equation

Let {x(?)}e[0,r] evolve according to the forward SDE
dx(r) = £(x(¢), 1) dr + g(¢) dw(z), (2.56)

with initial condition X(0) ~ pgaa. Then its marginal densities p, satisfy the Fokker—Planck
equation

Gipi(%) = =V - [F0, ) pr (9] + 380 V3p1(9)
= V- [V DP9

(2.57)

where |
v(x,1) = f(x,1) — Egz(t)Vx log p:(x). (2.58)

Then both the probability flow ODE (PF-ODE) and the reverse-time SDE yield the same family
of marginal densities {p; };c[0.7], With the latter evolving in reverse time:

1. The PF-ODE {X(?)}1cj0.1],

ax(r) _
pm =v(X(1),1), (2.59)

when initialized with X(0) ~ po and run forward in ¢, or equivalently initialized with
X(T) ~ pr and run backward in ¢, has marginals X(¢) ~ p, for all r € [0, T].

2. The reverse-time SDE {X(?) };¢[0.7],
dx(1) = [£(X(1),1) - g*(1)Vxlog p,(X(1))] d + g(1) dW(2), (2.60)

where w(t) is a standard Wiener process in reverse time, has marginals X(¢) ~ pr—, when
initialized with X(0) ~ pr.

The appearance of the score function,
S¢(X,1) = Vxlog p(x), (2.61)

is therefore unsurprising: it is precisely the quantity required to construct both the PF-ODE and the
reverse-time SDE for generating samples from the prior distribution. This process is illustrated in

12



Figure 2.1. We now discuss how this general framework applies to DDPMs and NCSNs [41]".
SDE for NCSNs: Variance Exploding. Recall the NCSN perturbation parameterization:

X; = X + 07€, € ~N(0,I). (2.62)

This can be written as a Markov chain:

X; =X, + 1/o;z - 0'3_1 €. (2.63)

Introducing a continuous time index, we obtain

x(1) =x(t — Ar) + \/0'2(t) ot =AY VAt €
At (2.64)

A0 4y

= dx(¢) = 0dr +

Here, dw(7) ~ N(0,1dr), so that VAre — dw(z) in the continuous-time limit. Therefore, the SDE
governing the NCSN perturbation process is

dla2 ()]
dr

e[y 4@l 2(t)]d (t)] [‘szt(t)] dr. (2.66)

Thus, the variance P(t) satisfies the ODE

dx(r) = dw(z). (2.65)

Taking the variance of both sides gives

Var[dx(7)] = Va

dP(r) _ d[o*(1)]

= 2.67
dr dr ( )

Consequently, P(1) ~ P(0) + o>(¢), implying that the variance increases monotonically with time.
This motivates the name variance exploding (VE), and we refer to this formulation as the VE-SDE.

SDE for DDPMs: Variance Preserving. Similarly, recall the Markovian DDPM parameterization:

g(xilxi1) = N (x: V1= Bixi-1, Bl (2.68)

or equivalently,
=V1-Bixi.1+\Bie, €~N(0D. (2.69)
To obtain the continuous-time limit, let 8; = 8(#)At. Then, for small At,
1
VI=B(H)At=1- Eﬁ(t)At + o(At). (2.70)
Thus,

x(t + At) = (1 - %ﬁ(t)At) x(¢) + VB()VAr e

| (2.71)
= dx(¢) = _iﬁ(t)x(t) dr + B(r) dw(z),

'NCSNGs [40] are referred to as score matching with Langevin dynamics (SMLD) models in Song et al. [41].
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where dw(z) ~ N(0,1dr). Therefore, the continuous-time SDE corresponding to DDPMs is

dx(r) = —%,B(I)X(t) dr ++/B(t) dw(z). (2.72)

This is known as the variance-preserving SDE, or VP-SDE.
To see why this name is appropriate, consider the conditional distribution of x(¢) given x(0) = xg.
Solving the mean and variance ODEs gives

P(x(1)lx0) = N (x(1); @ (xo, (1 - 0*(1)) 1), (2.73)
where |
a(t) = exp (—5/0 B(s) ds) . (2.74)
Equivalently, the forward process can be written as
x(1) = a(t)xo + V1 —a2(t) e, €~ N(0,T). (2.75)
The conditional variance therefore satisfies
P(1) =1-0a%(t) =1 —exp (— /Ot,B(s) ds) . (2.76)
More generally, the variance evolves according to
PO - pypa) +pa). @.77)

If the data are standardized so that the marginal variance of x(0) is I, then the marginal variance of x(t)
remains approximately I throughout the forward process. Hence, unlike the VE-SDE, whose variance
grows monotonically with time, the DDPM forward process preserves the overall variance scale while
gradually destroying the signal-to-noise ratio. This motivates the name variance preserving.

Elucidated Diffusion Models. Elucidated Diffusion Models (EDMs) [46] provide a unified and
practical design framework for diffusion-based generative models. Rather than introducing a funda-
mentally new diffusion process, EDMs identify and refine several important design choices, including
the noise parameterization, network preconditioning, loss weighting, noise-level sampling strategy,
and numerical solver. This makes EDMs particularly useful as a bridge between score-based diffusion
models and efficient sampling algorithms.
EDMs are most naturally connected to the VE-SDE formulation. Recall the Gaussian perturbation
process
X, = Xo + O°€, e~ N(,I), (2.78)

where o directly parameterizes the noise level. Instead of learning the score function explicitly, EDMs
train a denoising network Dy(X,; o) to predict the clean sample Xy from the noisy observation X, .
The training objective takes the form

LEDM = Bxgepya. <N (0), r~pian(c) [4() |Dg (X0 + €: ) = x0][3] . (2.79)

where pyain(0) is the training distribution over noise levels and A(o) is a noise-dependent loss
weighting function.
The connection to score matching follows directly from Tweedie’s formula. The optimal denoiser
satisfies
D*(Xg;0) = E[X0[Xs] = X5 + 07V, 10g po(Xer). (2.80)
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Therefore, the score of the perturbed data distribution can be recovered from the denoiser as

D*(Xg;0) — X
an log po(Xs) = ( 0_2) . (2.81)

In practice, replacing D* with the learned denoiser gives

DQ(X(T; O-) — Xo
) .

So(Xo;0) = (2.82)

o
Thus, although EDMs are trained as denoisers, they implicitly learn the score field required for
diffusion-based sampling.

Using the VE probability flow ODE and taking o itself as the time variable, the deterministic

sampling dynamics become

d
X 0V log po(x). (2.83)
do

Substituting the denoiser-score relation yields the EDM sampling ODE:
dx x-Dy(x;0)

(2.84)
do o
Sampling is then performed by initializing
X~ N(0,02,.D), (2.85)

and numerically solving the ODE from oax to ommin, followed by a final denoising step. With an Euler
discretization, the update is

x; — Do (X;; 07)
Xi+1 = X; + (0341 — O'i)%- (2.86)
1
Higher-order solvers, such as Heun’s method, can further improve sample quality for the same number
of function evaluations.
A key contribution of EDM is the use of network preconditioning. Instead of directly predicting

the clean sample with an unconstrained network, the denoiser is parameterized as

Dy(x;0) = Cskip(o-)x + Cout(0) Fy (¢in(0)X; Cnoise (7)) (2.87)
where Fy is the neural network and the coefficients are chosen as
2

ag 00y

Caip(0) = 28— cou(0) = —==, (2.88)
o O-data A [0’2 + O-dzata
1 1
Cin(0) = —, Cnoise (07) = I logo. (2.89)
o2 + o2

data
Here, 04, denotes the standard deviation of the training data. These preconditioning coefficients
stabilize training by ensuring that the input and output scales of the network remain well behaved
across different noise levels.

EDM also proposes a noise discretization schedule of the form

: P
oy = (J;in + N’_ 1 (aél/ig - a,;{{;)) . i=0,...,N—1, (2.90)
where p controls how densely the solver steps are allocated across noise levels. Larger values of
p allocate more steps to the low-noise regime, where fine image details are formed and the ODE
dynamics are typically more sensitive.

Overall, EDMs can be understood as a carefully optimized realization of the VE diffusion frame-
work. They retain the denoising-score connection of score-based models while introducing practical
design choices that substantially improve training stability and sampling efficiency. This makes
EDMs an important baseline for studying few-step and high-quality diffusion sampling, especially in
image-generation tasks where both fidelity and computational cost are critical.
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m Flow Matching

The training of DDPMs and NCSNs is based on SDE models. As stated in Theorem 2.4, the
PF-ODE can also be used to connect a base distribution and a target distribution. It is therefore natural
to ask whether we can directly construct a training scheme based on the PF-ODE. Lipman et al. [21]
proposed the Flow Matching (FM) framework to address this question. Historically, FM has a close
connection to Normalizing Flows [10, 47, 48, 49] and their continuous-time counterparts, namely
Neural ODEs [50]. Here, we do not discuss these connections in detail, but instead follow directly
from the SDE view of diffusion-based generative models.

Recall the PF-ODE formulation:

0 d
5P ®) ==V - (vx.0)p(x)),  x() = v(x(),1). (2.91)

Notice that the first equation takes the form of a continuity equation. This structure is widely observed
in physical systems that satisfy flux conservation. For example,

0 0
Navier—Stokes: 8_/; + V- (pu) =0, Charge Conservation: a—/; +V-J=0. (292

Therefore, the FM framework naturally corresponds to a transport process between two distributions.
Importantly, the solution to this transport problem is not unique [21, 51, 22, 52, 53]%. Based on
this observation, FM proposes to train a neural network vg(x,¢) by matching the velocity field that
generates the desired probability path {p;};e[0,1:

L = Brgjon].xop, [IVe(x, 1) —w,(®)113] » (2.93)

where u,(x) denotes the true marginal velocity field satisfying

i) ==V - (0P () (2.94)

However, directly evaluating u,(x) is generally intractable because it depends on the marginal density
p:. Conditional Flow Matching (CFM) avoids this difficulty by defining a conditional probability path
between samples from the base and target distributions.

Let X9 ~ po denote a sample from the base distribution and x; ~ p; denote a sample from the
target data distribution. A simple conditional path is given by the linear interpolation (this is referred
to as the optimal-transport (OT) path [21])

x; = (1 — )Xo + Xy, t € [0,1]. (2.95)

The corresponding conditional velocity is

d
w; (X|X0,X1) = axt = X1 — Xp. (2.96)

Thus, instead of learning the intractable marginal velocity field directly, CFM trains the model using
the conditional velocity:

Lerm = Braa(0.1],x0~po.xi~p1 [IVe(Xes ) = (x1 = %0)[13] - (2.97)

This objective is tractable because both x; and its conditional velocity can be computed explicitly from
sampled pairs (Xo,X;). The CFM loss then takes the general form

Lerm = E [[IVo(x,, 1) — wy(x,x1)[[3] - (2.98)

’Interestingly, non-uniqueness is also a central problem in natural dynamical systems, with the Navier—Stokes equations
being one of the most famous examples [54].
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Here we formally show that the CFM loss is equivalent to the FM loss by a constant independent of
model parametrization.

Theorem 2.5: Equivalence of CFM and FM

The following relation holds
Lem = Lepm + C, (2.99)

where C is constant independent of the parametrization 6. The optimal network prediction for
both CFM and FM loss satisfies

v (x;,1) = v(x(2),1), VX, ~ p;. (2.100)

Proof. 1t suffices to compare the terms that depend on 6. Expanding the squared norms gives

Ive(x, 1) —w,(X)[15 = Vo (X, )13 — 2 (Vo (x, 2), w, (X)) + [0, (%)[[3,
5 5 ) (2.101)
Ivo(x, 1) — u, (x[x1) 13 = Vo (X, D113 = 2 (va(x, 1), u (x[x1)) + [l (x[x1)]13 .

The final terms in both expressions are independent of 6, so they can be ignored when optimizing over
0. Let

q:(x,x1) := p(x|x1)p1(x1),

whose marginal over x; is p;(x). For the quadratic term, we have
Buep, (Ve DIE] = [ v )15 1)

=[] a0 018 ) 0 v i (2102
= Exx)~gq, [IVo(x,D13] -
For the cross term, using

pi(X[x1)p1(x1)
pi(X)

u(x) = Ex1~p[(x||x) [u,(x]x1)], pt(X1|X) =

we obtain

Exep, [(Vo(x. 1), u,(X))] = / <vQ<x,r), / , (X[X1) e (X1 %) dxl>pt<x> dx

= / <V9(X, t), uf(X|X1)>Pt(X|X1)P1(X1) dx; dx (2.103)

= Exx)~q: [{(vo(x,1),u,(x]x1))] .

Therefore, the two objectives have identical §-dependent quadratic and cross terms, and differ only by
additive terms independent of 6. Hence they have the same minimizers with respect to 6. m|

Therefore, CFM provides a practical way to train continuous-time generative models without explicitly
simulating an SDE or estimating a score function.
After training, generation is performed by sampling x(0) ~ po and solving the learned ODE

d
d—tx(t) = vy(x(1),1), r:0—1. (2.104)
The final sample x(1) is then expected to follow the target data distribution p;. In this sense, FM

replaces score estimation and reverse-time stochastic sampling with direct velocity-field learning and
deterministic transport from noise to data.
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Consistency Models & Shortcut Diffusion

m One-step Generative Models

In Sections 2.1 and 2.2, we have discussed in detail the development and theoretical foundations
of multi-step generative methods. In practical applications, such as image generation [55] and video
generation [56], the backbone neural networks are typically very large, often containing several billion
parameters. Consequently, repeatedly evaluating these networks during sampling can incur substantial
computational costs, limiting their applicability in production settings. This motivates the question of
whether diffusion models can be reformulated to reduce the number of required function evaluations.’
In this section, we introduce two pioneering works in this regime: Consistency Models (CMs) and
Shortcut Models.

Consistency Models. Song et al. [26] is generally considered the first work to study how to train
a one-step generative model within the diffusion framework. The proposed method is known as the
Consistency Model.

Data Noise

F fo(x7,T)

Figure 2.2: Plot adapted from Figure 2 of Song et al. [26]. The consistency function fy(X,,?) can be interpreted as an
observable that remains invariant along a given PF-ODE trajectory connecting two distributions; see Theorem 2.4.

The central idea of consistency models is simple. Let Fy(X, ) denote the raw network output. We
define a consistency function f(x;, t; 6) along the trajectory ¢t € [0,T] as

f(Xl" t’ 9) = CSkip(t)Xt + COUt(I)FH(XZ" t)’ (2105)

where cgip(#) and cou(#) are differentiable functions satisfying
cskip(0) =1, cout(0) = 0. (2.106)

These boundary conditions ensure that the consistency function recovers the clean data at the endpoint
t = 0. This parameterization is closely related to the EDM formulation discussed earlier, and practical
implementations of CMs can therefore benefit from insights developed in prior work on EDMs.
Consistency models require the consistency function to remain invariant along a PF-ODE trajectory.
In practice, this means that evaluating the function at two different points on the same trajectory should
yield the same value:
f(x;,1;0) = f(x,1;0). (2.107)
This property is illustrated in Figure 2.2. Once trained, a consistency model can generate the desired
noise-free sample in a single step by evaluating f(x7, T; ). The corresponding training objective can

be written as
~£CM = E [/l(tn)d (f(xl‘n’ tl’l’ 0)’ f(Xl,H_]’ ln+1’ 0_))] H (2108)

3Historically, this question is closely related to model distillation, including paradigms such as Distribution Matching
Distillation (DMD) [57] and Variational Score Distillation (VSD) [58]. These formulations also have counterparts in the
one-step diffusion regime, but we do not discuss them here in order to keep the exposition simple.
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where d(-,-) is a distance function, A(z,) is a weighting function, and 6~ denotes the exponential
moving average of the model parameters. Simplified Consistency Models (sCMs) [27] further extend
CMs by adopting a trigonometric parameterization of the probability path.

Shortcut Models. Consistency models constrain the model trajectory through a pointwise invariance
condition imposed on the consistency function. Shortcut Models, proposed by Frans et al. [28], make
this idea more explicit at the level of the transition operator. In general, let ¥;,_,;, denote the push-
forward operator that transports samples from diffusion time 7 to #;. Few-step generative models aim
to satisfy the following operator-level equivalence:

\Pto—ﬂz =¥, -no lPto—m- (2.109)

Rather than enforcing a pointwise consistency condition, shortcut models explicitly impose this
equivalence over a finite interval. The training objective of shortcut models can be written as

2

Lanorieut = [IVo(X1,£,0) = wy(x; | X113 + ||vo (%1, £, 2d) = Viarged| |5 (2.110)
flow matching consistency
where
1
Viarget = 5 [Vo(Xs,t,d) + Vo(Xp4a,t +d,d)], Xi+d = X +d vo(X,t,d). (2.111)

Here, the third argument of the network denotes the shortcut step size. Ideally, a well-trained shortcut
model should be able to perform one-step sampling via

X1 = X + Vg(X0,0,1)(1 =0). (2.112)

Thus, shortcut models impose a consistency constraint over a finite line segment, rather than only at
individual points along the trajectory. This perspective will be useful for understanding the subsequent
development of one-step and few-step generative models.

m MeanFlow Models

MeanFlow (MF) [31] was introduced as a one-step alternative to standard optimal-transport flow
matching. Rather than learning only the instantaneous velocity w;(x; | x;), MeanFlow models the
time-averaged velocity between diffusion times r and ¢:

_ 1 !
G [x0) = —— [ el [x0) e113)

This parameterization enables single-step transport from x; to X, via
X, =X, — (t —r)u (X | X1). (2.114)
Differentiating Eq. (2.113) gives the MeanFlow identity
B 05 | %0) = W 130 = (1= )21 %0). @.115)

In practice, MeanFlow parameterizes the average velocity by a neural network vy (x;,r,t). The
original MeanFlow objective can then be written as

Ly = By [ o 7,0 = sl (% [ x0) (2.116)
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where sg(-) denotes the stop-gradient operator.

Despite its conceptual simplicity, MeanFlow has been reported to exhibit unstable training dy-
namics. In particular, the training loss may increase even as sample quality improves [59, 60]. This
phenomenon is largely attributed to samples near the flow-matching limit ¢+ = r, where MeanFlow
degenerates to standard OT-FM. a-Flow [60] addresses this issue by introducing an annealing schedule
that smoothly recovers the flow-matching objective. A more direct remedy was proposed by Geng et al.
[59], who introduced improved MeanFlow (i-MF). Instead of directly supervising the interval-averaged
velocity, i-MF uses Eq. (2.115) to construct an estimate of the instantaneous velocity:

ﬁ@(xl’ra t) = VH(XI" r, t) + (t - r) Sg(al‘_le(xl" r, t) + VX,VH(XZ,F’ l) ul‘(Xl | Xl)) . (2117)

The model is then trained with the objective

Lo = B [[8o0 70 =i x| 2.118)

Both MF and i-MF were originally developed in the VAE latent space for 256 X 256 image
generation. To remove the VAE bottleneck, Li and He [61] proposed the Just-image Transformer
(JiT), enabling pixel-space image generation at resolutions up to 1024 x 1024. Building on this
direction, Lu et al. [62] introduced pixel MeanFlow (p-MF), which reparameterizes the prediction
target directly in pixel space. In the common case where the reference time is r = 0, this can be
written as

1
XQ(XDrat):Xl_tve(xtar9t)’ v@(xlar’t) :;[XZ_XO(XD’.’t)]' (2119)

The induced average velocity vy is then used within the i-MF objective. Overall, MeanFlow models
extend shortcut diffusion models by imposing the consistency condition along an entire trajectory and
by directly modeling the corresponding average velocity.

Solvers with Semilinear ODE

m Diffusion Sampling Techniques

Following our discussion of the Score-SDE framework in Section 2.1.3, sampling from a diffusion
model can be viewed as solving the inverse problem associated with the forward SDE. In this section, we
focus on diffusion models, and in particular on the VP-SDE. The original DDPM sampling algorithm
is directly related to the reverse-time SDE induced by the Fokker—Planck theorem (Theorem 2.4).
However, DDPM sampling is extremely slow, since it typically requires a large number of discretization
steps, often comparable to the number of forward diffusion steps, in order to reach the data distribution.

Since the probability-flow ODE (PF-ODE) has the same marginal distributions as the correspond-
ing reverse-time SDE, it is natural to use well-developed ODE solvers to simulate the PF-ODE. Recall
the forward diffusion kernel of DDPM:

Z; = C_L'tX + \/1 - C_l'tf, (2.120)

where € ~ N(0,I) and X ~ pga. For clarity, we define the signal intensity s; and the noise intensity

Oy as
si = Vay, o =41 —a. (2.121)

Then the forward noising process can be written compactly as

Z; = ;X + 0y€. (2.122)
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Taking the time derivative gives

dz, | .
i $;X + o€
(2.123)
. |2t — 0€ .
= 5t ( ) + O0;€.
St
Therefore, after replacing the true noise € by the denoiser prediction €4(z;, t), we obtain
d . .
& ﬁz, + (a"t - ﬂ0‘;) €0(2s,1) . (2.124)
dt St St

linear term  nonlinear denoising term

This equation is known as the semilinear PF-ODE, and it can be shown to be equivalent to the
probability-flow ODE [63]. It forms the foundation of many ODE-based samplers, which we discuss
below. Dividing both sides by s, yields the simpler normalized form

d Z; d (o}
— 2=z =L ,1), 2.125
a (St) dt(s,)eg(zl ) ( )

which will be useful for the derivations that follow.

m Denoising Diffusion Implicit Models

Denoising Diffusion Implicit Models (DDIMs), proposed by Song, Meng, and Ermon [23], were
among the first methods to interpret diffusion sampling through the lens of ODE-based solvers. Under
the formulation above, DDIM can be viewed as a first-order method for discretizing the semilinear
PF-ODE in Eq. (2.125). Specifically, DDIM adopts the approximation

€9(z,1) = €&, (2.126)

that is, the noise prediction is held fixed over the interval. The normalized PF-ODE then gives

St S1—1

St St—1

Z; Z;-1 oy 01\,
6[7

(2.127)

_ St-1 St-1 ~
= Zi 1 = —1; + Ot 1 — —0¢ | €.
St St

Substituting s; = V@; and o; = V1 — @; yields

21 = 4 a/i_llz + (\/1 S ﬂ ali_l VI- d’t) &, (2.128)
ay (07]

which is precisely the deterministic DDIM update [23]. PF-ODE sampling can sometimes reduce
sample diversity, since it produces deterministic trajectories once the initial noise is fixed. DDIM can
be augmented with additional stochasticity to address this issue. Specifically, fresh Gaussian noise
can be injected by decomposing the next-step noise component. The resulting update is

QJ:,HT%A«JI—Mq—Gf—JaTHh—@JQ+5ﬁP (2.129)
ay (643

where &, ~ N'(0,I) and
— _
aysz “{PJl—f”. (2.130)
I —a a1

Here, n controls the amount of stochasticity. The case = 0 recovers the deterministic DDIM update,
while larger values of 7 interpolate toward more stochastic sampling dynamics.
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m DPM-++ Solvers

DPM-Solver [24] and its improved variant DPM++ [25] reformulate the semilinear PF-ODE in
the logarithmic signal-to-noise ratio (log-SNR) space. Define the log-SNR as
A, = log 2 2.131)
g
For reverse-time sampling from ¢ to ¢ — 1, the signal-to-noise ratio increases, so
/lt—l > /l[, h[ = /lt—l - /ll > 0. (2132)
To see why this parameterization is useful, we rewrite the semilinear PF-ODE in terms of the
x-prediction network. Recall that
Z; — 5:Xg(Z,t
€0(z;,1) = LO(’). (2.133)
o

Substituting this into the semilinear PF-ODE gives

dz,
d_tt = s_iZt (O't - _O'z) €0(2,1)
Sy ( ) StXG(Zta 1)
= —Z[ + |0y — _O-[
o (2.134)
= iZt + 8¢ (& - _) Xg (s, 1)
(oF St (o
= ﬁzt + Sﬂi,X@(ZI, t).
O
Dividing both sides by o7 yields
d (z S
—|— ] = —Axp(z, 1
dr (O}) o, %o (2 1) (2.135)
= M Axg(2,1)
Using the change of variables dA = A, dt, we obtain
—|—]= ,A). 2.136
11 (0'1) e xg(2a, 1) ( )
Integrating over the interval [A;, A, ] gives
Or-1 Ar-1 1
Z; | = Z; + 011 / e"xg(zy, 1) dA. (2.137)
o A

This exponential-integration form of the semilinear PF-ODE is the foundation of DPM-Solver and its
variants [63, 24]. Different solvers primarily differ in how they approximate the integral term.

First-order DPM++ recovers DDIM. Lu et al. [24] showed that first-order DPM++ recovers the
DDIM update. In this case, we use the same constant-prediction approximation as in DDIM:

Xo(z1, ) X, A€ [A, 1] (2.138)

The integral then becomes

/lt—l
/ e*xp(z, A) dA = (eﬂf—l - e’l’) %, (2.139)
Ay

Substituting this into the exponential-integration formula gives
Or-1

Z+ 51 (1 —e h) %, (2.140)

Z;1 =
t

which is equivalent to the deterministic DDIM update in Eq. (2.128).
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Second-order single-step DPM++: DPM++2S. The first-order DPM++ update freezes the data
prediction X4 (z,, 4) over the interval [A;, 4;—1]. DPM++2S improves this approximation by introducing
an intermediate point in log-SNR space and using it to estimate the first-order variation of the data
prediction along the PF-ODE trajectory. Let

hy=d =4,  Ar=Ak+ph,  pe(0,1), (2.141)

where 7 denotes the diffusion time corresponding to A.. In practice, p = % is commonly used. Starting
from z;, DPM++2S first takes a first-order step to the intermediate point:

z.= T2 45, (1 - e-Pht) &, & =xo(z0). (2.142)
o

The model is then evaluated again at this intermediate point,

X: = X¢(Z;, 7). (2.143)
Using the finite difference
Xe ~ % (2.144)
ph

as an estimate of the derivative of the data prediction with respect to A, the second-order DPM++2S
update is
Or-1
O

Zi 1 = Z; + St—1 (1 - e_hl)

1
R+ — (R — f(t)] . (2.145)
2p

Thus, DPM++2S can be viewed as a second-order Runge—Kutta-type exponential integrator in log-
SNR space. Compared with DDIM, it uses one additional network evaluation per step to correct the
constant-prediction approximation of the integral term.

Second-order multi-step DPM++: DPM++2M. DPM++2M avoids the extra intermediate network
evaluation used by DPM++2S by reusing the model prediction from the previous sampling step.
Suppose that, in addition to the current prediction

ﬁl‘ = XQ(ZI,I)7 (2146)

we also have the previous prediction X1 = Xg(2z;41,1 + 1) stored from the preceding reverse-time step.
Define

his1
hy = 421 — A4, his1 = A — Apy1, ry = ;: . (2.147)
t
Then a first-order finite-difference estimate of the variation of the data prediction is
oo
A = - (X — Xp41) - (2.148)
t
The DPM++2M update is then given by
- 1
Zi_ = i lzt + Si-1 (1 - e'h’) X + —A,] . (2.149)
(o7 2

This is a second-order Adams—Bashforth-type exponential integrator. Its main advantage is efficiency:
after the first step, each update requires only one new network evaluation, because the previous data
prediction is reused from the solver history. For a fixed number of function evaluations, DPM++2M
can therefore take more, smaller steps than DPM++2S, which often makes it more stable and effective
in low-NFE sampling regimes.
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m Diffusion Exponential Integrator Samplers

Diffusion Exponential Integrator Samplers (DEIS) [64] provide another principled family of ODE-
based samplers for diffusion models. Similar to DPM-Solver, DEIS starts from the semilinear structure
of the PF-ODE and integrates the linear part analytically. The key difference is that DEIS works
naturally with the normalized variable

pri=—=e, (2.150)

St

which is the noise-to-signal ratio. Recall from Eq. (2.125) that

%(j—j) - ; (U)GQ(Zt,t) 2.151)
Using the change of variables p = 0;/s;, this becomes
" (:_,;) = co(zy.p). (2.152)
Therefore, the exact reverse-time update from 7 to # — 1 can be written as
51 Pi-1
Zi_ = S_;Zt + 8§_1 /pt €9(zy, p) dp. (2.153)

Since reverse sampling moves toward lower noise levels, we have p,_; < p;. The remaining problem
is therefore to approximate the integral of the neural network prediction along the trajectory.

DEIS approximates this integral by polynomial interpolation of the noise prediction. Suppose we
have access to the current and previous model predictions

€vj = €9(Zssj 1 + ), j=0,...,k—1. (2.154)
Let¢;(p) denote the Lagrange basis polynomial associated with the interpolation nodes {p;, p/+1, - - - » Pr4k-1}-
Then a k-th order DEIS update takes the form
Pr-1 k-1 Pr-1
/ €9(2p, p) dp = th,j €vjs  bu =/ tj(p)dp. (2.155)
Pt j=0 Pt

Substituting this approximation gives the general DEIS update
Z_1 = —z, + 51 IZb,] &) (2.156)

The first-order case freezes the noise prediction over the interval:

€9(2p, p) ~ &. (2.157)
This yields
z) = s;—‘tlz, + 5121 (P11 — p1) &1 (2.158)
Since p; = 07/s;, this can be rewritten as
2 = sr—_IZz + (O'z—l - St—_IO'z) &, (2.159)
S S

which is exactly the deterministic DDIM update. Higher-order DEIS samplers improve this approxi-
mation by using the solver history to capture the variation of €4 along the trajectory. Thus, DEIS can
be interpreted as a multistep exponential integrator for the semilinear PF-ODE, with DDIM appearing
as its first-order special case.
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m Our Method

In this study, we investigate how advanced few-step generative models can be applied to astro-
physical image generation. Our approach builds on Lizarraga et al. [33], whose model is based on
DDPMs. The comparison against our method is illustrated in Figure 2.3, and the training & inference
procedures are summarized in Algorithm 1, 2. In contrast, we adopt pixel-MeanFlow (p-MF), adapted
from Lu et al. [32], together with an NCSN-style attention-augmented U-Net architecture adapted
from Song and Ermon [40]. We re-implement the training and evaluation framework in jax [65] and
flax [66].

Algorithm 1 pixel-MeanFlow Training

Require: dataset D (empirical distribution pg), denoiser Dy, iterations K, batch size B, learning
rate g

1: Initialize 6

2. fork=1,...,Kdo

3: Sample {x(i), c(i)}f;l ~ Pop, € ~ N(0,1), 1D, r@ @ > w is CFG weight
4: z,(i) — (1 =tD)x® 4 D > Flow Matching latent state
5 # Sample Velocities

6 Vé’i)uncond - t(]z) [ 51) D (Z(l) @ t(l) W(l) ®)]

7. V(i) o L [z(l) _ De(zz(l)’ r(’), t(’), W(l) c(l))]

6, cond (D) t

8: V(i) i - (e(i) N X(i)) - ( B L)) (Vg)cond g)uncond > No guidance at W =1

6, guidance

9: # MeanFlow Identity
10: Véi) — vy + (t(i) - r(i)) . sg(@tv(i) +y0T g g0 )

0, cond 0, cond f,cond " 270, cond
. . 2
) 1 yB & _ O
11: ‘LP‘MF B Z:l'=1 HV9 VG, guidance||,
12: 60— 06— ﬂVg (Lp-MF)
13: end for

Furthermore, we implement three state-of-the-art efficient sampling algorithms: DDIM with
n = 0, DPM++2M [25], and an AB2-style DEIS sampler [64]. We evaluate all models and solvers
on the GalaxiesML-64 dataset [5], following the protocol of Lizarraga et al. [33]. We also ablate the
effectiveness of several key design choices proposed by Lizarraga et al. [33] in the context of p-MF.

Performance is assessed by comparing the distributional similarity between generated and observed
astrophysical images using domain-specific morphological metrics, including ellipticity, semi-major
axis, Sérsic index, and isophotal area. Through these experiments, we aim to provide a compre-
hensive qualitative and quantitative comparison, thereby helping to bridge the gap between practical
applications of Al in astrophysics and recent advances at the frontier of generative modeling.
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Algorithm 2 pixel-MeanFlow Inference

Require: trained models Dy-, condition {c(i)}fi |» guidance strength {w(i)}fi :
1: Sample € ~ N (0, I)
2: %0 — € — Véi)(f(i), 0,1,w®, ¢®)

Return: generated images {£¥ }f: T

p(z112o, )
—_—

V6~£DDPM

p(z221, C) p(zr-1lzr—2, g) ;

VoLpopu VoLoopm &

p(zr|z7r-1,0)
— >
VoLoppu

Dg(z1,1,¢) Dy(zr, T, c)
— —

(b)

. 1 t
Average Velocity: 1, ,(x;|xy, ¢) = t_f u.(x.|xq,c) dt
—rJr

>

V6~£p—MF

X, = X; = (E= 1)U, (Xt |x1, €)

A

One-step Sampling

PF-ODE: :1_’; = v(x(t), )

Figure 2.3: Comparison between our approach and that of Lizarraga et al. [33]. Panel (a) illustrates the DDPM training
and inference process. The notation follows the main text, and the conditioning variable, which in our case is the
continuous redshift, is denoted by c¢. Both DDPM training and sampling are inherently multi-step, with the sampling
dynamics following the VP-SDE discussed above. Panel (b) illustrates pixel MeanFlow, where we directly model the
average velocity induced by the PF-ODE, thereby enabling one-step inference.
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CHAPTER 3

Experiments

Baselines. In this section, we evaluate p-MF and DDPM models using four samplers: standard
DDPM with 1000 sampling steps, DDIM with = 0 and 60 sampling steps, DPM++2M with 30
sampling steps, and DEIS-AB?2 with 30 sampling steps. The DDPM model with the standard DDPM
sampler, implemented following Lizarraga et al. [33], serves as the baseline for comparison with our
p-MF models. See Appendix A.1 for details.

Metrics. We assess generation quality using two types of metrics. First, we compute the Jensen—
Shannon divergence (JSD) between the unconditional distributions of physical quantities measured
from real and generated samples, including ellipticity, semi-major axis, Sérsic index, and isophotal
area. Second, we evaluate the normalized Bin Center Differences (BCD) between real and generated
samples under redshift-conditioned generation. These physical quantities are computed using the
implementation of Lizarraga et al. [33]. All evaluations are performed on the official test split of the
GalaxiesML-64 dataset [5]. See Appendix A.2 for details.

Results. The experimental results are summarized in Table 3.1. We report conditional binned
distributional discrepancies (BCD) and unconditional Jensen—Shannon divergences (JSD) for four
astrophysical morphology statistics: semi-major axis (SMA), Sérsic index (SI), isophotal area (IA),
and ellipticity (Ell.). Lower values indicate better agreement between the generated and observed
galaxy distributions.

Among diffusion-based methods, the standard DDPM sampler achieves the best overall perfor-
mance. This is expected, since DDPM uses 1000 reverse steps and therefore most closely follows the
original reverse diffusion process. It obtains the lowest unconditional JSD across all four quantities
and substantially outperforms the accelerated samplers in conditional BCD, especially for SI, IA, and
ellipticity. This indicates that, although the DDPM sampler is computationally expensive, it remains
the strongest baseline in terms of distributional fidelity.

Table 3.1: Summary of the main model results. Uncertainty estimates obtained by bootstrapping are reported in
parentheses.

Model Specs Conditional BCD| Unconditional JSD|
Model Name ~ NFE| SMA  SI IA Ell. | SMA SI IA ElL
Diffusion Models
DDPM 1000 | 0.249@40) 1.37550) 0.41454) 0.460091)| 0.0036¢4) 0.0003¢1) 0.0045¢4) 0.00494)
DDIM (n = 0) 60 | 29923 11.3@® 2.5404 6.8338) |0.0305016) 0.0062(6) 0.1832(33) 0.0779(23)
DEIS-AB2 30 | 0.368(75 5.6939) 1.94¢11) 1.06¢21 |0.0142¢12) 0.00113) 0.077625) 0.0311(17)
DPM++2M 30 10.328110) 5.8045) 2.5307) 1.06029) | 0.049719) 0.0033(5) 0.068222) 0.0227(14)
p-MF Models

p-MF 25M, L) 1 ‘0.462(87) 9.03¢71y 2.186) 3.3334) ‘0.0947(33) 0.0069¢9) 0.2126¢27) 0.0311(22)

For efficient diffusion sampling, the second-order solvers consistently improve over the first-order
DDIM sampler. DDIM with n = 0 and 60 NFEs exhibits a clear degradation relative to standard
DDPM, particularly in the conditional metrics. In contrast, DEIS-AB2 and DPM++2M use only 30
NFEs but achieve better results than DDIM on most quantities. For example, both second-order solvers
substantially reduce the conditional BCD for SMA, SI, and ellipticity. DEIS-AB?2 gives the best overall
performance among the efficient solvers, achieving lower conditional BCD for SI and IA and lower
unconditional JSD for SMA and SI, while DPM++2M performs slightly better on unconditional 1A
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and ellipticity. These results suggest that higher-order exponential-integrator-based solvers are more
effective than first-order DDIM in the low-NFE regime.

Distributions of Morphological Properties
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Figure 3.1: Unconditional morphological distributions for all models. The p-MF model is shown with green dashed lines.

We also compare the diffusion baselines against a 25M-parameter p-MF model, which requires
only a single neural function evaluation at inference time. As expected, p-MF does not match the full
1000-step DDPM sampler in generation quality. Nevertheless, despite using only one inference step,
p-MF achieves metrics that are competitive with accelerated diffusion samplers on several quantities.
In particular, its conditional IA is comparable to DEIS-AB2 and better than DDIM and DPM++2M,
while its unconditional ellipticity JSD is comparable to DEIS-AB2. The main degradation appears
in the Sérsic index and unconditional SMA/IA distributions, suggesting that one-step p-MF captures
coarse morphology reasonably well but still struggles with some fine-grained structural statistics.

The computational trade-off is shown in Table 3.2. Standard DDPM requires 33.5 seconds and
7020 GFLOPs for inference, making it substantially more expensive than all accelerated alternatives.
DDIM reduces inference time to 2.6 seconds, while DEIS-AB2 and DPM++2M further reduce it to
approximately 1.5-1.6 seconds. The 25M p-MF model achieves a comparable inference time of 1.5
seconds with only one network evaluation and a lower total GFLOP count than the 30-step diffusion
solvers. The smaller 1M p-MF model further reduces inference time to 0.9 seconds and requires only
23.2 GFLOPs. Overall, these results highlight a clear accuracy—efliciency trade-off: standard DDPM
provides the best fidelity, second-order diffusion solvers offer strong performance at much lower cost,
and p-MF provides a promising one-step alternative with substantial computational savings. The
comparison of unconditional distributions for different morphological parameters is give in Figure
3.1.

Ablation Studies. Lizarraga et al. [33] proposed two practical modifications for astrophysical diffu-
sion models: label smoothing on the redshift conditioning variable and replacing the standard DDPM
L, objective with the Huber loss. We investigate whether these design choices remain effective in the
context of one-step p-MF models. We perform ablations at two model scales, 1M and 25M parameters.
In Table 3.3, NLS denotes the variant without label smoothing.

The ablation results are shown in Table 3.3. For the 1M p-MF models, the effect of the Huber loss
is mixed. Compared with the L, objective, Huber loss improves the conditional BCD for SMA and
slightly improves the unconditional JSD for SI and ellipticity. However, it substantially worsens the TA
metrics and also degrades the unconditional SMA distribution. The L, objective therefore provides
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Table 3.2: Summary of inference speed (in seconds), GFLOPs, and model size for all models recorded on a single
NVIDIA 4090 GPU. For diffusion models, the GFLOP count is computed by multiplying the single-step FLOP count by
the number of solver steps. All samplers are compiled at the loop level using jax.jit.

Model Name \ NFE Size Inference Speed GFLOPs
Diffusion Models

DDPM 1000 21.4M 33.5) 7020
DDIM(n=0)| 60 21.4M 2.64) 421
DEIS-AB2 30 21.4M 1.633) 197
DPM++2M 30 21.4M 1.5@) 198
p-MF Models

p-MF (1M) 1 1.26M 0.9 23.2
p-MF (25M) 25.2M 1.5 154

the most balanced performance at the 1M scale, achieving the best conditional A and ellipticity, as
well as the best unconditional SMA and IA.

Removing label smoothing also has non-uniform effects. In the 1M setting, comparing the Huber
and Huber—NLS variants shows that removing label smoothing improves conditional SI, conditional
IA, and unconditional ellipticity, but significantly worsens conditional SMA. This suggests that la-
bel smoothing may help stabilize the conditioning signal for certain morphology statistics, while
potentially oversmoothing others.

At the larger 25M scale, the trade-off becomes clearer. The 25M p-MF model trained with
the L, objective achieves the best conditional BCD across all four quantities, indicating that label
smoothing is beneficial for redshift-conditioned generation. In contrast, the 25M model without label
smoothing obtains better unconditional JSD across all four quantities. This indicates that removing
label smoothing improves the marginal realism of generated samples, but at the cost of weaker
conditional alignment.

Overall, these ablations suggest that design choices originally proposed for DDPMs do not transfer
uniformly to p-MF models. The Huber loss improves some individual morphology statistics but does
not consistently outperform the simpler L, objective. Label smoothing appears more useful for con-
ditional generation, particularly at larger model scale, whereas removing it can improve unconditional
distributional matching. Therefore, in our main comparison, we use the 25M p-MF model trained
with the L, objective as the default setting, since it provides the strongest conditional performance
and the best overall trade-off for redshift-conditioned galaxy generation.

Table 3.3: Ablation study of p-MF models with different loss functions and redshift-conditioning strategies. NLS denotes
training without label smoothing. Uncertainty estimates obtained by bootstrapping are reported in parentheses.

Model Specs | Conditional BCD| | Unconditional JSD|

Model Name NFE| SMA SI IA El. | SMA SI IA ElL
IM p-MF Models

p-MF (1M, Huber, NLS) 1 1.47@ 10.16) 2.17@ 3.781)|0.074905) 0.00504) 0.242826) 0.0313(11)
p-MF (1M, L) 1 |0.864@45 11.46) 1.985) 3.55(14)(0.0282(14) 0.00415) 0.152028) 0.0486(19)
p-MF (1M, Huber) 1 0597024 10.45) 3.164) 3.7512) | 0.0806(16) 0.0039(4) 0.3140028) 0.0345(12)
25M p-MF Models

p-MF (25M, L) 1 ]0.462.7) 9.0371) 2.1806) 3.33334) | 0.094733) 0.00699) 0.212627) 0.031122)
p-MF (25M, L,, NLS) 1 ]0.780149 9.9967) 2.416) 3.55118)|0.074825) 0.0045¢) 0.2022(28) 0.0293(16)
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CHAPTER 4

Conclusion

Conclusion. In this work, we studied efficient redshift-conditioned generative modeling for galaxy
morphology using diffusion models and pixel-MeanFlow. We reviewed the theoretical connections
between score-based diffusion, Flow Matching, one-step generative models, and modern diffusion
samplers, and evaluated these methods on the GalaxiesML-64 dataset.

Our results show a clear accuracy—efliciency trade-off. The 1000-step DDPM sampler achieves
the best overall morphology fidelity, but at high computational cost. Efficient samplers such as
DEIS-AB2 and DPM++2M substantially reduce inference time while outperforming first-order DDIM
in the low-NFE regime. The one-step p-MF model does not yet match full DDPM quality, but
achieves competitive performance on several morphology statistics with only a single neural function
evaluation. These results suggest that one-step and few-step generative models are promising tools for
fast astrophysical image generation.

Limitations and Future Work. This study has several limitations. First, our experiments are
restricted to low-resolution GalaxiesML-64 images, whereas real survey data include higher resolution,
heterogeneous noise, point-spread-function effects, and selection biases. Second, our evaluation uses
only a small set of morphology statistics, which may not fully capture image realism or physical
consistency. Future work should include additional diagnostics, multi-band information, downstream
scientific tasks, and expert visual assessment.

The current p-MF model also remains weaker than many-step DDPM sampling, especially for
fine-grained structural statistics such as the Sérsic index. Improving one-step generation may require
larger models, longer training, improved MeanFlow objectives, or a small number of refinement
steps. Finally, conditioning only on redshift limits the physical control of the model. Extending
the framework to include additional galaxy properties such as stellar mass, star-formation rate, and
environment would enable more detailed studies of galaxy evolution.

Acknowledgments. The author sincerely thanks Dr. Xue Xiao at the Center for Computational
Science, University College London, for providing computational resources and valuable advice.
Large language models were used only to improve the text and logical flow of this article.
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CHAPTER A

Appendix

m Experimental Setting

Optimization Setting. The training setup for the diffusion model follows Lizarraga et al. [33]. We
use the Adam optimizer [67, 68] with a learning rate of 5 x 107>. We also use the same exponential
moving average (EMA) configuration as Lizarraga et al. [33]. The diffusion model is trained on a
single NVIDIA A100 80GB GPU for approximately 12 hours. For the p-MF models, we train the
IM-parameter version for 170 epochs on a single A100 GPU. For cost-matching purposes, we train the
25M-parameter version for 45 epochs on 8 NVIDIA GH200 GPUs for 8 hours. All other optimization
settings are kept the same as those used for the diffusion models. The hyperparameters are summarized
in Table A.1.

Table A.1: Optimization setting, same as Lizarraga et al. [33].

Name Learning Rate EMA weight Gradient Clipping Learning Rate Schedule
Values 5x107° 0.995 No constant

Diffusion & MeanFlow Model Setting. The diffusion model setup follows Lizarraga et al. [33],
which is based on Ho, Jain, and Abbeel [11]. The configuration is summarized in Table A.2. The

Table A.2: Diffusion model setting, same as Lizarraga et al. [33].

Name  [Sgart  Bend Diffusion Steps Loss Classifier Free Guidance

Values 0.0001 0.02 1000 Huber No

p-MF model settings follow the ImageNet-256 experimental configuration of Lu et al. [32]. The
configuration is summarized in Table A.3.

Table A.3: pixel-MeanFlow model setting, same as Lu et al. [32].

Name t,r Sampler wmax ! # r Percentage Label Dropout Rate

Values logit-normal(0.8,0.8) 7 50% 0.1

Model Architecture. The diffusion model backbone is a jax-reimplementation of the UNet used
by Lizarraga et al. [33]. It consists of three layers in each downsampling, bottleneck, and upsampling
block, and does not include attention or residual blocks. The p-MF backbone is adapted from
the NCSN [40]/NCSN++ [69] style UNet. It includes residual blocks at each resolution level and
incorporates a self-attention block near the bottleneck.
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Redshift-binned Morphology Difference

To evaluate whether generated samples reproduce the redshift dependence of key morphological
summary statistics, we compute a Bin Center Difference (BCD) between generated and reference
measurements. The metric is evaluated independently for each morphology statistic

g € {semi_major_axis, ellipticity, isophotal_area, sersic_index}.

Let

{(riy qi» G YN,
denote the redshift, reference morphology value, and generated morphology value for the ith matched
sample, respectively.

Redshift binning. We partition the redshift interval [0, 4] into eight equally spaced bins,
O=eyg<e; <---<eg=4, (A.1)
with bin edges given by
ek=§, k=0,...,8. (A.2)
For bin k, the corresponding sample set is
I ={i:er <ri<eps1}, (A.3)

with the final bin closed on the right, so that samples with r; = eg are included.

Validity filtering. Before computing the metric, we discard samples with non-finite redshift, refer-
ence value, or generated value. We also discard samples for which either the reference or generated
morphology value is negative. Thus the valid index set is

V ={i:r,qi q; are finite, ¢g; > 0, §; > 0}. (A4)

All bin averages and normalization factors are computed only over samples in V.

Binned morphology means. For each redshift bin, we compute the reference and generated bin
centers as the empirical means

1
i
pE = > g (A.5)
|Ik n (Vl e NV
and |
gen A
W= e D e (A6)
|[k n (Vl el NV

Bins containing no valid samples are ignored when computing the final discrepancy.

Summed Bin Center Difference. The Bin Center Difference is defined as the sum of absolute
differences between generated and reference bin-center means:

Escn(q) = ) |uf™" - '], (A7)
keXK

where K denotes the set of redshift bins for which both bin means are finite. Lower values indicate
better agreement between the generated and reference redshift-conditioned morphology trends.
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Normalized Bin Center Difference. To make the metric comparable across morphology statistics
with different physical scales, we report a normalized Bin Center Difference,

&
Enscn(q) = 222D (A.8)
{ref
where |
7 f=— i (A9)
qre |(V| lez(vq

is the global mean of the reference morphology statistic after validity filtering. If G is zero or
non-finite, the normalized metric is undefined.

Bootstrap uncertainty. We estimate uncertainty in the normalized BCD using nonparametric boot-
strapping. Given Ny, bootstrap replicates, each replicate is formed by sampling |V | matched triples
(ri, qi, 4;) with replacement from the valid sample set. For bootstrap replicate s, we compute

SIESB)CD(Q)’ s=1,..., Npoot- (AlO)

In our implementation, we use Npoot = 1000 bootstrap samples with a fixed random seed for repro-
ducibility. We report the observed normalized BCD together with the bootstrap mean and standard
deviation.

m Jensen-Shannon Divergence

To compare one-dimensional distributions of generated and reference summary statistics, we
compute the Jensen-Shannon Divergence (JSD). Unlike the Kullback-Leibler divergence, the Jensen-
Shannon divergence is symmetric and remains well defined when comparing two normalized discrete
probability distributions with shared support.

Let

p.q €R”

denote two nonnegative vectors, such as histograms or discretized empirical distributions of a reference
and generated statistic. Before computing the divergence, both vectors are normalized to sum to one:

pitée qgi t €

I pire) TR g v e (A0
where € > 0 is an optional small constant added before normalization.
Mixture distribution. The midpoint distribution is defined as
| A
mi == (Pi +Gi) - (A.12)

Kullback-Leibler divergence. For two normalized discrete distributions a and b, the Kullback-
Leibler divergence is

a
Di(allb) = ) ailog, (—) (A.13)
. b,
i:a;>0
where the sum is taken only over entries with a; > 0. In our implementation, the logarithm base is set
to b = 2, so the divergence is measured in bits.
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Jensen-Shannon divergence. The Jensen-Shannon divergence is then computed as

o] < 1 -
Dis(p,q) = 5Dx(pllm) + 2D (g | m).

(A.14)

Lower values indicate closer agreement between the generated and reference distributions. A value of

zero indicates identical normalized distributions.

Validity conditions. Both input vectors must be one-dimensional, have the same length, contain
only nonnegative entries, and have strictly positive sums after optional & smoothing. If either vector

has zero total mass, the divergence is undefined.

m More Results

Binned Distributions vs Redshift
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Figure A.1: The redshift-conditional binned morphological distributions from all models, including p-MF model (in

green dashed lines.)
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Uncurated Pixel-MeanFlow Samples
7=0.115 2-0.084 2-0.133 2=0.096

7z=1.464 z=1.865 7z=1.941 - z=1.998

z=2.306 z=2.237 z=2.451 7=2.234

z=3.146 z=3.756 7z=3.208 z=3.319

Figure A.2: Uncurated samples from p-MF model in different redshift ranges.
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Uncurated DDIM Samples
7=0.426 2-0.074 2-0.515

Figure A.3: Uncurated samples from DDIM sampler in different redshift ranges.
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Uncurated DEIS-AB2 Samples

7z=0.123 z=0.271 z=0.152 7z=0.426

z=1.511

z=2.440 z=2.509

7z=3.565

Figure A.4: Uncurated samples from DEIS-AB2 sampler in different redshift ranges.
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Uncurated DPM++2M Samples
7=0.123 7=0.271 ~ 70.152 7=0.426

7z=1.034

z=1.511

7z=2.821 z=2.745 7z=2.509

z=3.813 z=3.097

Figure A.5: Uncurated samples from DPM++2M sampler in different redshift ranges.
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Uncurated DDPM Samples
2-0.556 2-0.620 2-0.107 2-0.082

z=1.055 z=1.223 z=1.095 z=1.837

z=2.345 z=2.269 z=2.195 z=2.056

z=3.160 z=3.813 z=3.182 z=3.579

Figure A.6: Uncurated samples from DDPM sampler in different redshift ranges.
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